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lechure 15

RoLLe's THM

f bea funcﬁbn ot sahéﬁes the followmﬁ 3 WPO‘HDQSIS :

1) § & conhinuaus on the cloced inferval [a,b].

2){ s afferenhiable on the open inferval (a,b) »
3) fla) = f(b)

Then there 15 o nurmber ¢ 1 la,b) such that f'(€¥=0".

; 6 G ‘b ’ t (; ¢ 1 a ¢
0 These are +j(3|ca| 3m‘>}>6
N\ N/, . Fhot sahsfj the hﬂpo’r%esﬁ% |
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e 4 flx) = K ,a constant

Then -f'(x) =0 , % Qnﬂ narber ¢ belween ag, b works

Gace 3 F(x)> fla) for come x m (a)b)

Bf] Extreme Value Thrn ( which we can aPP'ﬂ because | 15 conhnuous on [a,b] )

0 f hasa moximur value In [a,b] . Since o) ={(b), it must
> sinee con’l happen on ond Pomfs |

aftam maximum value at a number ¢ 10 (0,b),. The f has a |ecal

max at ¢ ,and since § 15 dfferentiable ab ¢ . Then by Ferrnal s Thm

flley=0

Case 3 (1< fla) for some x n (ayb)

Sumlor reasomng as obove worke e see fhal § has o loal mnab ¢ § £y =0

xample  Prove that eqn WBax-1=0 has exacw‘)ﬁn}one rea] voot

Example

Soln  STep 4  SHOW ot 1t has at least one real root . | Using IVT)

eh foa = x3ax-L . flO)=-1, f(N = !

Gince { 10 Polﬂnom\a\ 1t e continuous , and by Interrechate value Thm
Yere 15 a number ¢ between 0 and 1 such that fle)=0.

Thus § hos a rool
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STEPQ  We would WKe 1o show that the ec]uah'on has no other real root

Use Rolle's Thrn and arque bt\ contradiction

Spse § has two ools a and b .
Then {la) = 0 = fIb) , and since fia Po\ﬂnom\d\ it 16 differentiable

~on l0,b) ond continuous on Tayb]

Then bﬂ Rolles Thw thete 15 o number ¢ belween a and b such that
flay=0.

Bt f£'(x) = 3*+1 » 1 50 'x) cn never be O

Hence f cannot have wo veots .

Therefore , | has exacﬂj 1 root o

ROLLE'S THM 18 lmPor%am‘, n Provmj the umPor}ani Thmn )called
Mean Value Thm (MV.T)

THE MEAN VAWE THM

let § bea funchon thot ea)nsfues the followmﬂ hypothests -
1. 1 15 conhinuovs on the closed mterval [a,b].
2. f & differentiable on the gpen intetval (a,b) .



Then there 1a a number ¢ 1 (a)b) s.t .

flle) = M 2. B'(b)—f(a\) = f'(CHB—a)J

h-q

ﬁeomd(l‘ca\h:\ 5 |f A = (a)f(ayxg = (b>f(b§))
then the MVT soys Fhal there 15 at least one pant (¢,fle)) = P(—» ould be>

rnore

where the %anaont hne 15 Pam’\el Jo the secant line (1€ slope

of 1on3v,n)c lne 15 oclua\ o the slope of e cecant ine)

RemarK  If fla) = §(b) , then we get the aqme slafernent
aa Rolles Thm .

Pfof MV  The basic ldea is we apply Rolles Thm to

hix) = §(x) = fla) = £(b) - f(a) (x-a) but
b-q

fst we need to ver{ftj it sahifies the three hﬂpo%esns
of the Bolle’s Th
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1. The funcﬁon/\m continuous on [a,b] becouse 't 16 a sum of

a conhinuovs funchbn and o po\ﬁnomlbl \

2. The funchion h 1 differentiable on (a)b) because both | and the
polynomial differentiable Actually

h'(x) = f'(x) - f(b - fla)
Tb-a

~§mce fta) and fb) -fla) are constants :I
b-a

3 bla) = fla) -fla) - f(»-fla) (a-0) = O
b-a

hby = fb) - fla) - f)-Fla) (b-a)
b-a

< f(b) -§la) - [§b)-fla))
S0, hla) = h(b)

Then bﬁ Rolles Thm , there 15 o number ¢ n (ayb) 6.t h'(e) =0

Therefore, 0 =h'(e) = f'le)- fIb) -£(0)  ond hence
b-a




B Spse {1V =3 and f'1x) ¢ 11 for all valuesof X
How larﬂe can be f(4) be ?

Soln  We are ﬂ\ven that § dt?fer@dndble {and hence conhinuous )

everjwheve | Namdﬂ ,We @n applj MVT on the mterval [1,4] .

Then, thete exists o number .4

f14) = (1 = {10 (4-1)

s {(4) = 3j (O +f(1) = 3f'()+3

Cinee §'(x) ¢ 14 forall x| Mre it = 3f() ¢

fld) € 33+3 = %

o lorgest possible value of f(4) 15 36 .

T 1 £'(x) = 0 forall x n dhe nterval (a,b) ,hen § 16 constant
n (a,b). |

Pf Lot x, and x, be any hwo nombers n (a,b) with X, < X, . Since {

s differentiable on (%) and conhinous on [x,,%,]

usin

Then 53 N?IT Yo f on the wferval [x% |, we 3& a number ¢

cuch that F) =f0x) = £ (% -%)
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s e

Ginee $'(x) =0 for all x yn (0, b), f'(c) = 0 ,and g0
f(xn\ “]C(xﬂ =0 = f(X,B _-_f()(3j

% { has te came value ot any two numbers x, and x, I (a,b)

S f 1 conctant on (a,b),

Coro\lorg If F'x) = (J'(X) for all x 0 an inferval ta,b) | then f—ﬂ 18
constant on (a,b) ;e f(x) =gx) +¢ where ¢ 15 a onstant
PP Lol F(X) = f(x\-g(x)

Then F'(x) = f'(x) -=q'(x) = 0 for all x in (ayb)

Co F(x) 15 constant 1e Jt‘fj & constont .






